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In this short review we outline some recent developments in understanding string orb-
ifolds. In particular, we outline the recent observation that string orbifolds do not precisely
describe string propagation on quotient spaces, but rather are literally sigma models on ob-
jects called quotient stacks, which are closely related to (but not quite the same as) quotient
spaces. We show how this is an immediate consequence of denitions, and also how this
explains a number of features of string orbifolds, from the fact that the CFT is well-behaved
to orbifold Euler characteristics. Put another way, many features of string orbifolds previ-
ously considered \stringy" are now understood as coming from the target-space geometry;
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Figure 1: Contribution to the (g, h) twisted sector of a string orbifold on T 2
1 Introduction
One often hears that string orbifolds [1, 2, 3] dene strings propagating on quotient spaces,
but a more careful examination of string orbifolds leads one to question whether that remark
is strictly correct. In particular, a string orbifold is not literally a sigma model on the quotient
space X/Γ, which would be a sum over maps of the form
 −! X/Γ
( the string worldsheet). Rather, all maps are factored through X. Seen upstairs in X,
a worldsheet   X/Γ need not be a closed Riemann surface in X, but merely needs to
descend to one after quotienting. So, in other words, a string orbifold is a sum over maps
of the form illustrated in gure 1 for  = T 2. As shown in that gure, one sums over maps
from polygons into X, such that the image of the sides of the polygons are identied by
group elements, and so descend to Riemann surfaces in X/Γ.









where each Zg,h is a sigma model from a square into X, such that the sides of the square are
related by the action of g, h 2 Γ, as illustrated in gure 1.
Clearly a string orbifold is not literally a sigma model on a quotient space, but in fact a
stronger statement can be made.
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We shall argue later that, in fact, the maps summed over in a string orbifold partition
function are precisely maps into something known as a quotient stack, an object which is
closely related to the quotient space. In particular, quotient stacks look mostly like quotient
spaces, but have \extra information" over any singularities of the quotient space. This
extra information makes quotient stacks much better behaved than quotient spaces, and also
ultimately gives rise to many features of string orbifolds previously considered \stringy." We
reach this conclusion simply by unraveling denitions { there is no guesswork required, this
is an immediate consequence of denitions. We shall also argue that by understanding string
orbifolds as, literally, sigma models on quotient stacks, many features of string orbifolds that
were previously considered mysterious or \inherently stringy" { from well-behavedness of the
CFT to twist elds and orbifold Euler characteristics { are now demystied, and are seen as
simple consequences of the geometry of quotient stacks.
2 String orbifolds do not live on X/Γ
Given any space X, we can dene a category of maps into X. Specically,
1. Objects in this category are continuous maps f : Y ! X from any other topological
space Y into X.
2. Morphisms (Y1
f1−! X) −! (Y2 f2−! X) are continuous maps λ : Y1 ! Y2 such that
the following diagram commutes:
Y1
λ−! Y2
f1 # # f2
X = X
It is a standard result that a topological space X is determined by this category. In other
words, if we know all of the maps into a space, we can reconstruct the space.
Let us consider string orbifolds. Can string orbifolds be literally interpreted as sigma
models on quotient spaces? Not unless the orbifold group Γ acts freely.
The most ecient way to study this problem is to rst describe the twisted sector maps
more elegantly. Instead of talking about maps from twisted sectors into X, as in gure 1,
an equivalent and more elegant description is as a pair
(
E




 is the string worldsheet,
E !  is a principal Γ-bundle, and
f : E ! X is a continuous Γ-equivariant map.
In this description, a twisted sector is the same thing as an equivalence class of bundles. To
see how to recover the original description, simply restrict E to a maximally-large contractible
open subset of . (If we describe the Riemann surface  in terms of a polygon with sides
identied, such an open set would be the interior of the polygon.) Over a contractible
open set, E is trivializable, so pick some section s. The ordinary description of maps from
twisted sectors into X is precisely the action of f on that section s, and the group elements
acting at the boundary determine to what extent s fails to be a global section. Precisely
because f : E ! X is Γ-equivariant, knowing the action of f on such a section s completely
determines f , i.e., there is no extra information contained in the map f : E ! X that is not
also contained in the twisted sector map into X.
Given such a pair (E
pi−! , E f−! X), we can derive a continuous map g :  ! X/Γ
into the quotient space. Specically, for any point y 2 , let e be any point in the ber of E
over y. If we denote the canonical projection X ! X/Γ by pi0, then dene g :  ! X/Γ by,
g(y) = (pi0  f)(e). It is straightforward to check that this is well-dened and continuous.
To what extent is a pair (E
pi−! , E f−! X) the same thing as a map  ! X/Γ? Given
the former, we can construct the latter; however, in a well-dened sense, if Γ does not act
freely, then there are more maps of the former form than of the latter. In other words, pairs
(E
pi−! , E f−! X) seem to be dening maps into a space related to X/Γ but containing
\extra information" over any singularities.
In the next section, we shall argue that a string orbifold, although not quite a sigma
model on a quotient space X/Γ, is literally a sigma model on something called a quotient
stack [X/Γ].
What is a quotient stack? To be very brief, a quotient stack is an example of what is
sometimes known as a \generalized space." For example, instead of possessing a set of points,
it has a category of points. In general, such spaces can be dened in terms of the category
of maps into them. This is somewhat analogous to noncommutative geometry, where spaces
are dened by the algebra of functions on them. Here, instead of working with the algebra
of functions on the space, one works with the category of continuous maps into the space.
This may sound somewhat cumbersome, but it is actually an ideal setup for string sigma
models.
In passing, we should also mention that the idea of dening spaces in terms of the maps
into them is a commonly-used setup in algebraic geometry (see discussions of \Grothendieck’s
functor of points" in, for example, [4, section II.6] or [5, section VI]).
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How are quotient stacks related to quotient spaces? For example, when the orbifold
group Γ acts freely, the quotient stack [X/Γ] and the quotient space X/Γ are homeomorphic.
So, one way of thinking about quotient stacks is that they look like quotient spaces, except
that they have some \extra structure" over the singularities. That \extra structure" makes
quotient stacks much better behaved than quotient spaces, and is responsible for features of
string orbifolds than people have labelled \stringy" in the past.
3 Unravel definitions
Quotient stacks [X/Γ] are dened by the category of maps from all topological spaces into
[X/Γ]. In particular, a continuous map from any topological space  into [X/Γ] is a pair(
E
pi−! , E f−! X
)
where
E !  is a principal Γ-bundle, and
f : E ! X is a continuous Γ-equivariant map.
But, we argued earlier that these are precisely the things one literally sums over in a
string orbifold! So, in other words, a string orbifold is literally a sum over maps from the
worldsheet into the quotient stack [X/Γ].
Now, just because a string orbifold is literally a sum over maps into [X/Γ] does not itself
imply that a string orbifold is literally a sigma model on [X/Γ] { for that to be the case,
we also need the action associated to each map to be the same, so that the path integral is
the same weighted sum over maps. This also works out cleanly. Bundles, dierential forms,
spinors, et cetera can all be dened on quotient stacks, and they are all Γ-equivariant (or Γ-
invariant) bundles, dierential forms, spinors, et cetera on X. In particular, this implies that
the action for a sigma model into [X/Γ] is the same as the action weighting contributions to
a string orbifold partition function.
In short, after unraveling denitions, string orbifolds are immediately seen to literally be
sigma models on quotient stacks.
The reader might nd this conclusion to be somewhat extreme { after all, physicists
have not explicitly considered stacks in the past. However, it is actually quite natural, and
similar uses for stacks have appeared implicitly in the literature in the past. For example,
we observed in [6] that the twisted \bundles" on D-brane worldvolumes have a natural
understanding as bundles on stacks { so, in some sense, D-branes naturally live on stacks, not
spaces. From examples such as this, our present conclusion that string orbifolds are literally
sigma models on (quotient) stacks should be seen as both natural and even conservative.
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4 More results
So far we have argued that a string orbifold is literally a sigma model on a quotient stack,
as opposed to a quotient space. What does this do for us? We just saw that this naturally
explained the structure of twisted sectors; next we shall outline how this also gives geometric
perspectives on many other features of string orbifolds, previously considered \stringy."
Specically:
1. Smoothness. String orbifold CFT’s do not suer from any singularities; they behave
as if they were sigma models on smooth spaces. This led to the old lore that \strings
smooth out singularities." However, quotient stacks [X/Γ] are always smooth (for X
smooth and Γ acting by dieomorphisms), and so one naturally expects that a sigma
model on [X/Γ] should always be well-behaved. The old lore \strings smooth out
singularities" is merely a consequence of misunderstanding the target space geometry;
nothing \stringy" is really involved.
2. B elds. Another often-quoted fact concerning string orbifolds is that the B eld should
somehow have nonzero holonomy about shrunken exceptional divisors [10, 11, 12, 13,
14]. Understanding string orbifolds as sigma models on quotient stacks gives a natural
understanding of what is meant by such claims. Specically, the \extra information"
contained by a quotient stack over singularities of the quotient space is a gerbe1, that
precisely duplicates standard results on B elds at quotient singularities. A gerbe is,
after all, just a special kind of stack, so the reader should not be surprised to nd
information about B elds given in the geometry of stacks.
3. The role of equivariance. Bundles and sheaves on [X/Γ] are the same thing as Γ-
equivariant bundles and sheaves on X. So, we now understand the precise role that
equivariance plays in describing elds on strings orbifolds.
4. Twist elds. Ordinarily the low-energy spectrum of a string compactication is de-
termined by the cohomology of the target space. However, we argue in [7] that for
generalized spaces matters are slightly more interesting, and the low-energy spectrum
is determined by the cohomology of an auxiliary stack, known as the associated inertia
group stack I[X/Γ]. This stack diers from [X/Γ] precisely when the quotient stack can-
not be understood as an ordinary space. More to the point, I[X/Γ] naturally encodes
the \twists" that give twist elds their name.
5. Orbifold Euler characteristics. Recall the famous old result that string orbifolds com-





1A gerbe is a formal structure corresponding to B fields, just as bundles correspond to gauge fields.
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where [g] denotes conjugacy classes of Γ and C(g) the centralizer of g 2 Γ. It is a





Need we say more?
In [7] we work through the points above in much greater detail, and also describe how
some other features of string orbifolds are claried.
So far, we have argued that understanding string orbifolds as sigma models on quotient
stacks gives a natural geometric explanation to many features of string orbifolds that were
previously considered \inherently stringy."
But what new things can we do with quotient stacks? We shall list two general directions:
1. M-theory2 orbifolds. If one were careful, in the past one could have objected that
orbifolds in M-theory could hardly be considered well-understood. After all, orbifolds
in string theory possess twisted sectors, twist elds, and many other features which
naively seemed to be \inherently stringy" { it was not at all clear how one could make
sense of such things in M-theory. Now, however, we can understand these matters
better. We can dene an M-theory orbifold to be, M-theory compactied on a quotient
stack. Then, for example, membranes on a quotient stack have an obvious twisted-
sector-type structure. One might be able to do quite a bit more with this description
{ for example, it may be possible to directly understand the Horava-Witten [15] E8
multiplets as arising naturally, whereas in their original description these multiplets
had to be added in manually.
2. New string compactications. There are many more stacks than just quotient stacks.
So, now that we realize that we can compactify on stacks (we have an example, after
all), we could begin studying compactications on other stacks. We have only had
the chance to study this to a limited extent. In particular, in addition to the example
provided by string orbifolds, in [6] we observed that the twisted \bundles" on a D-
brane worldvolume could be naturally understood as bundles on a stack describing
the B eld, so in a particular sense, one can think of D-branes as living on stacks, in
general, rather than spaces. From these examples, it is clear that in principle one can
now consider string compactication on more general stacks.
2We use “M-theory” in the sense of, quantum theory underlying eleven-dimensional supergravity, as
opposed to some hypothetical master theory.
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5 Conclusions
In this short note we have outlined some recent results on string orbifolds. Specically, we
have outlined how string orbifolds are literally sigma models on quotient stacks (not quotient
spaces), immediately from unraveling denitions. We have also described how, from this new
perspective, many properties of string orbifolds that were formerly considered \stringy" and
slightly mysterious, actually have a simple geometric understanding in terms of the target
space geometry. These properties were mysterious only because the target space geometry
was misidentied in the past.
In this work we feel we have only scratched the surface of what could be done with stacks.
In the conclusions of [7] we have given a lengthy list of further ideas that could be pursued.
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